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Abstract, Two general recurrence relations for the Clebsch-Gordan coefficients of the
quantum algebra U {su,), connecting their values for different meanings of the parameter
{ defining the representations, are derived. Recurrence formulas for the Racah coefficients
of this algebra are given. Recurrence relations for the Racah coefficients of U {(su;) are
easily obtained from those for the classical Racah coefficients.

1. Introduction

Quantum groups and algebras are of great importance for applications in classical and
quantum integrable systems, in quantum field theory, in statistical physics and in the
theory of basic hypergeometric functions. The quantum aigebra U, (su,) is intensively
used in the conformal field theory. There are attempts (Iwao 1990, Raychev et al 1990)
to explain experimental data of molecular, atomic and nuclear spectroscopy with the
help of the representation theory for the quantum algebra U, (su,). Recently Biedenharn
(1989) and Macfarlane (1989) have considered a g-analogue of the quantum harmonic
oscillator which is related to the algebra U,(su;).

In order to apply the quantum algebra U,(su,) in physics we need a well developed
theory of its representations. It is important to have the good theory of Clebsch-Gordan
{cG) and Racah coefficients. These coefficients are related to tensor products of
representations. Tensor products are used for construction of the universal R-matrices
which are of great importance for the Yang-Baxter equation.

Kirillov and Reshetikhin (1988) have initiated study into the cG and Racah
coefficients of U,(su,). Some three-terms recurrence relations for these coefficients
were derived by Groza et al (1990), Kachurik and Klimyk (1990) and Nomura (1990).
The present paper is devoted to derivation of general recurrence formulae for the cg
coefficients. Many three-term recurrence relations (including new ones) can be obtained
from these formulae. We also consider recurrence relations for the Racah coefficients
of U,(su,).

Let us note that recurrence relations for the cG and Racah coefficients are useful
for evaluation of these coeflicients, for studying their praperties, for obtaining their
numerical values, and for development of the theory of cG and Racah coefficients.

In section 2 we describe the quantum algebra U (su,) and give necessary information
regarding the ¢G and Racah coefficients. In sections 3 and 4 we derive two general
recurrence relations for the ©G coefficients. Recurrence relations for the Racah
coefficients are considered in section 5.
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2. The quantum algebra U (su;)

The quantum algebra U,(su,) is an associative algebra generated by the elements J. ,
J_, J,=J obeying the commutation relations
.I_ -1

[ J)==xJ, e, J-1= 1/2—2‘:73

where g is a complex number. We suppose that g is not a root of unity.

As in the classical case, finite-dimensional representations T; of the quantum algebra
U,(su,) are given by integral or half-integral non-negative number /. The orthonormal
basis |, m), m=—1 —1+1,..., 1, exists in the carrier space V| of the representation T;
for which

AL my=([FmI[l£m+11)3, m=1) J|L, my=m|l, m)
where [ n] means the expression
n/2 —n/2
= |
["]=[n]q=q—,,{_qT,2=[n]q-‘-

This expression is called a g-number.

The structure of a Hopf algebra is introduced into U,(su,). According to this
sttucture we have T,® T,.# T, ® T,. The representations T;® T, and T,& T, are related
by the R-matrix. As in the classical case, the Clebsch-Gordan coefficients for the tensor
product T, ® T}, of U,(su,) are defined by the relation

flI

1, 3|, ey = Z Cilanll, m

If j+k#m then C J}c,i, ={. The cG coeflicients constitute the unitary matrix. The cG
coefficients can be expressed in terms of the basic hypergeometric function 1®,. The
function ., ®, is defined as

Ay, Az, Ay
d
i l'l( btha"~:bn q‘z)

Erl+l(1>rl(al;025' . ‘san+l; b!! b21' LI ) bn; qa Z}

Z(q“‘ Q). --(g" q), oz
(g™ q)... (@™ q), (q;q).

r

where
n—1 .
(a;g),= 11 (1—-aq’) n#0
=0
{a; g),=1 aeC.
Below we shall use the g-binomial formula
AN U ) P
(y—x)) = "(1——) =y ATy (1)
7R v/ g r§=lo (g 9):
The formula
Lxyio 3 a4 (¢7"; q), X = Bol-1; g, %) 2)
r=0Q :q)r

is valid (Slater 1966).
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The algebra U,(su,) is a g-deformation of the universal enveloping algebra U(su,)
of the classical Lie algebra su,. It contains linear combinations of products of the
elements J., J_, J. The irreducible representation T, of U,(su,) in the basis |/, m) is
given by the matrix with entries t/,, depending on elements a € U, (su,). Since T;® T} #
Ty ® T then

1 " [
Eonn b 7 Uil
As in the classical case, the matrix elements and the cG coefficients are connected by
the relation
Lot

LI ey i | I
E: C;;cr;:a C‘rlsp1 f_ﬁ,l;fs: tmp (3)
LLKrS

where j+ k=m and r+s5=p (Groza et al 1990).

Considering the tensor products (T,® T,)® T\, and T, ®(T.,® T,,) we obtain the
Racah coefficients R(L L1, I15l>;, I} which are related to the 6j-symbaols by the formula
{see Kachurik and Klimyk 1990)

LoL o
{ - } = (=)' 20, A 1][20 + 1) TV R(W s, Dalss, ).
L 1 1,

3. The first recurrence relation for Clebsch—Gordan coefficients

It is proved by Groza er al (1990) that

atc—b

(x—qn)§ " (y—2)d7 (2 —x)§
=(-1)""[a-b+c][b—a+c]

a+j h+k_c—m

. xTy? Ty
x —1)kg®
i Y L e K e—a— Ko —b 47!
X ;@ (e—a—b —ati—b-k c—a-k+l c—b+j+1, g 4g) {4)

where
B=3{c+1)}{a+b-2c)+(b—a¥a—-b+m)+(c+{k~j)}
[m]t=[m]m—1]...[1]=g""""%(q; @)/ (1 =)™
The relation
1®Po(ab; g, x) = Py(a; g, x),Po(b; g, ax)
{Slater 1966} and the formulae (1) and (2) lead to the equality
(=27 =(y—x)yy—g ™)} (5)

Leta=a'+a", b=5b"+b", ¢c=c +c¢" Then according to formuia (5) we have

(x=qp)s** (y=2)5 "z —x)5" "
= (e )y )T (g )3 (- gy
X (y _ qa'—b‘—r'z)2”+("'—a"(z . qb'—a‘—;-'x) :"+c"*b“. (6)
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Applying to the three last multipliers of the right-hand side of this formula the
g-binomial decomposition (1) and repeating reasonings of the paper by Groza et al
{1990), we obtain the relation

(x _ qc'—a'—b’+1y)2”+b"—c”(y - qa’—b’—c'z)!‘;"-*-c"—a"(z _ qb'ga'—c’x);"-i-c"—b"
= (wl)a”+b"—2c"[aw+ C""‘ bll]![blf+ C"— an]!
(_l)k—quxn“+jyb”+kzc”—m

X
j,,,cZ:,,. la"—j1t[b"+ k]t [c"— b"+])[c" —a"— k]!

Clr___alr___ bH j_aﬂ _k_bn , , ,
x . ’ ’ —a'—b'—c'+1
? z(c"—-a"—k+1, c"—b"+j+1'q’q ) (7)

D= " 1V a? + B — 20N (B —a™a”" — A"+ (" L1V —
ATIIE T ands e Tl TR T e T TR Tl TR

+c'(a"+b"—2cM—(a'—b'Ma"—b"y+(b'—aYm+c'(k-j).

Taking into account relations (4) and (7) we obtain from formula (6) that

c—a—b,—a+j-b—k )
Vb ( ’ ’ ,
A e—a-k+1,c-b+j+1 %4
f“_ J_bf __af+jf _bl_kf
- Per" Q (c a > s l )
oE P oo k1, e -b+jr 1| P9
k'+k"=k
c"—a"-—b", _aff+jll, _byl_kr." w—p '+1)
X ;b L q ° € 3
3 z(cn_au_krf_'_l’crr_brr+jrr+l 9.9 ( )
where
P=c/(a"+b"=2c"+ k"~ ")+ (b'~a')(a"~ b"+m")
V=q(c+1)(a+b—2:)/2+(c+1)(k—j),’2+(b—a)(a—b+m)/2 (9)

x[a-b+c]i[b-a+c]([a—jl[b+k][(c—a—k][c—b+j10""

and V', V¥ are obtained from V with the heip of repiacements a by a’ and a”, b by
b’ and b” and so on.
Using the formula

y AlabeX[a+71[b—kP[c—m][c+m]![2c+1])"?
[a+b—clt[c—a—k][e—b+j]1{[a~j1{b+KkIN"?

abe __
Cjkm = q

X P{a-b—cj—a—-k—byc—a-k+1,c—b+j+1i,4 q)

where
H=i{a+b-c)a+b+c+1)+i(ak—bj)
Alabe)=([a+b-c)l[a—b+c]li[b—a+c]!/[a+b+c+1]DH"?

we express ;@,(...; ¢, ¢) in terms of the cG coefficients and substitute into relation

< -
* <
(8). After some simplifications we obtain the recurrence relation

[ N _au+-u _krr_b" L
c a b 3 } * q, q—a -b —('-H) (10)

abe _ ' rfC_ﬂJ't:'(“’ o
chkrn j’+JZ"=j U U J'k'm’3 z(cff—alr_krr+ 1, C"—b"'i'j”"'l
k'+k"=k
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where m=j+k m'=j+k',

U= q—(3/4)(a+b—r:){a+b—c-—l)H(l/‘2)(2c+1)[a+b)+2ab+(l/2)j(2b-a—c—l) —(1/2Y%(2a—b—c—1}

q
( la+b—c]a-b+c]i[b—a+c){a+b+c+1]! )”2

[a—jl[a+ilt[b—k b+ k] [c—m]![c+m]![2¢c+1]
U= qc‘(a"+b"—2c"+k”—j")+(b'—a')(a"—b"+j"+k") v

U’ is obtained from U with the help of replacements of a by @', b by b’ and so on.
Different three-term recurrence relations for the ¢G coefficients are special cases
of (10). For example, for a”=0, b"=3, ¢’ =1 we obtain
([2cl[b—a+clla+b+c+1]/[2c+1))/2Ce
=g T T b+ k) e+ m]) PO
+q T k][~ m]) 2O B

4. The second recurrence relation for Clebsch—Gordan coefficients

We write down relation (3) in the form
1, 1,k hith—k Had— kI L=kl
.i—JzJ‘Hthz kk—t; = o “zr kIC}"Jz}z—kJ kc)*’zk fzJ'*ktJ ke j+k (11)
1=+
and multiply its both sides by
g I + jo — 2K 220 2K [+ 2] T2k .

The explicit expressions for t,, and 1., , from the paper by Groza et al (1990) show

that the relation
t = gime r)/z([ZI]'[H'm Zk]')lﬂtt k "
mt [20-2k)t[I+m]t) TRk
is valid. Using it in formula (11) we obtain the equality
W q_kuz_,-,m([212]![12+jz—2k]!)‘“
(28 =2k]M[1+ )]t

=i iR —;
1=k

[, —kT
XY Cid iomie = C vk b vk b~k ok ok
=

We apply to both its parts formula (11) and equate coefficients at ¢}.. This procedure
is justified due to linear independence of matrix elements (Masuda er aI 1988). It was
shown by Groza et al (1990) that the cG coefficients C‘ %k and C,jk2 are one-term
expressions. Using these expressions we finally obtain the recurrence relation (which
was independently received by V A Groza)
Clllzl (31/4)k (e 1)+ (L AH U1 — (1 2 K (Hy 4y + 1)

J=i2dz, J'

x([Iz+j2—2k]!{l+j]!“|+12—I]![]z—-I,+I]![[1+]2+l+1]![21+1])1,12
(LN =L =L+t
y tg:k (_1)i"—!+kq—!'{1’+l)f4[2k]![’+I, k]' C,I ki

etk =P+ EP I+ P+ K[ =1+ K] J=jnir—ki—k

( [(F=j+ kL =L+l + k]2 +1) )”2
W+ =k =L+l —kN L+ L=~k + L+ —k+1]!

(12}
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The number of summands here is equal to 2k+1. However, part of them vanishes.
The non-negative integer k in (12) has to satisfy the condition 0< k= (f,+,)/2. For
k=1 we obtain from (12) the three-term recurrence reiation

Bl _ q(!—fzfm),/d([l""j][lg_ L+N[L+L+1+ 1])Uzch,lz—l/2.r—l/2

12
C'".fzi

R2t+ 11201005+ j5] M= 1/ 2, =172
- *lf+lz+m+1)j4([1"'j+1][11+Iz“[][h_12+1+1])h’2 s/
! L+ 7021 +1][2142] m—1/2,j-1/2-

5. Recurrence relations for Racah coefficients

Recurrence relations for the Racah coefficients of the quantum algebra U,(su;) can
be derived from the g-analogue of the Biedenharn-Elliott identity by using special
values of the parameters (Kachurik and Klimyk 1990, Nomura 1990). Other recurrence
relations can be obtained from those for the function ,®; since the Racah coefficients
are expressed in terms of this function (Kirillov and Reshetikhin 1988, Kachurik and
Klimyk 1990).

The recurrence relations

la—blle]l «Ps(a,b,c, d; e f h; qx)
=[a-e](b]®fa,b+1,¢c,d; e+ 1,1 h,q x)
—[b—ella] s Di(a+1,b,cd;et],f kg x) (13)
l[a—1][f—e]lxa, b, c, d; e f h; g, x)
=[f-1Na—el,Ps(a-1,bc,d;e,f—1,h; g x)
—fe—-1a—f1.®s{a—1,b,¢c, d;e—1, 1 h; g, x) (14)
«®y(a, b c,d; e, f h; g, x)
=4Py(a~1,b+1,c,d; e f by g x)~([a~bllc]ld)/[ell fI A
X Pyla, b+, c+1,d+1;e+ 1, f+1,h+1; g, x) (15)

are valid for ,&,, where e+f+h=a+b+c+d+1. They are proved by comparing
coeflicients at the same powers of the variable x, Putting x = ¢ in (13)-(15) and using
different expressions for the Racah coefficients in terms of ,&;, we can obtain many
three-term recurrence relations for the Racah coefficients and for 6j-symbols of the
algebra U_(su,). For example, we have

[b—c+e+f+1]([a+b+c+1][a+f—€])1/2{; f: c}

=([a-b+clle+f—a+1][d+c—e]

a-5 b c—é}
d e+ f

—(la+b-cllatetf+1][b+d+f+1]

x[d—c+e+1])”2{

afa=% b~3 ¢
x[b-—d+f])f{ S f_l}

2
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([b_a+c+1][a_b+c][ﬁ+f-—e][b+d_f+1])lf2{a b c}

d e f
=([b+d+f+2)[c+d+e+2][d-cte+1]
12 I b+3 c}
X[e+f—a+1]) {d+2 e+l f
+[b-a+d+e+1]([a+e+f+l][d—b+f])”2{a_% b3 cl}.
d e f—j

In fact, we have obtained g-analogues of all known recurrence relations for the classical
Racah coeflicients (and for classical 6j-symbols). Comparing classical recurrence
relations with the recurrence formulae obtained for U, {su,) we can make the following
conclusion. Recurrence relations for the Racah coefficients of U_(su,) are obtained
from those for the classical Racah coefficients by replacement of all factorials m! by
g-factorials [m]!. Let us note that expressions for the Racah coefficients are obtained
by using the same replacement from those for the classical Racah coeflicients.

6. Conclusion

We have obtained recurrence relations for the ¢ and Racah coefficients of the quantum
algebra U,(su,). They generalize the corresponding formulae for the classical group
SU(2). Recurrence relations for the Racah coefficients of U,(su,) are obtained from
classical ones by replacement of factorials m! by g-factorials [m]!. Besides this
replacement, in the recurrence formulae for the cG coefficients we have to add additional
multipliers of the type gq”.
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